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Abstract

Topological groups is logically the combination of groups and topological spaces,
they are groups and topological spaces at the same time, such that the continuity
condition for the group operations connects these two structures together and
consequently they are not independent from each other. The generalised structure
which includes several fields such pointset topology, algebraic topology, and
differential topology. Dubois, D®),J. Zhang(19, Felix Hausdorff, Maurice Frechet,
and Henri Poincare studied its basic properties based on Topological space and some
geometrical structure.A pre-topological group G is a group which is also a pre-
topological space such that the multiplication mapping of G x G into G sending x x y
into x -y, and the inverse mapping of H into G sending x into x™!, are pre-continuous
mappings.

Keywords: (Topological groups, Euclidean topology, Hausdorff, algebraic topology,
Arbitrary unions and homeomorphism)

1 Introduction

It mainly studied the generic questions in topological algebra is how the relationship
between topological properties depend on the underlying algebraic structure. As we all
known, a topological group, that is, a group G is endowed with a topology such that the
binary operation G X G — G 1is jointly continuous and the inverse mapping. In : G — G,
i.e,. Xx — x~ 1, is also continuous. The properties of topological groups have been widely
used in the study of topology, analysis and category

Let(X, 7) be a topological space. We say(X, ) has the finiteintersection propertywhen the
following holds: LetF be a family of closed sets of X withN{F : F € F} = @, then there
exists a finite subfamily Fi1, F2, ...Fy of elements of F such thatNj., @i.we will use a
different, but equivalent, form of the finite intersection property: if, for all finite
subfamilies of F we haveN}.,0i, then N{F : F € F}#@. A topological space is compact if
and only if it has the finite intersection property.A topological group is a set that has
both a topological structure and an algebraic structure. We consider a metric space is a
generalization of a Euclidean space and a topological space is a generalization of a metric
space. Instead of having a metric that tells us the distance between two points,
topological spaces rely on a different notion of closeness; points are related by open sets.
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The Properties of compactness in topological spaces are defined (X, 7) be a topological
space and S cX. An open cover O of S is a collection of open sets that contain S, in
symbols we have S cu{U : U €0}.Let(X, 7) be a topological space and S cX. The set S is
compact in (X, ) when every open cover has a finite sub cover. That is, for any collection
O that covers S, there exist Ui, Uz, ...Un€0 such that S < UL, U;.

2 Theorem

Let(X, zx) and(Y, zv )be a topological spaces and let f : X — Y be a function. The
following three statements are equivalent.

1) f: X — Y is continuous on X,
i11)  f1(U)is openin X for all open sets U in Y,

i) f1(F) is closed in X for all closed sets F of Y .

Many statements that are true for continuous functions in metric spaces are also true in
topological spaces. An example of this is the transitivity of continuity.

3 Theorem

Let(X, =x) and(Y, zv )and(Z, zz) be topological spaces such that g : X — Y is continuous at
Xo €X and f : Y — Z is continuous at g(xo) €Y . It follows that(f - g) (x) is continuous at
Xo.

Proof

By using definition, we have: g :X — Y is continuous at Xo: N € Ngxo) implies g"*(N) €Nxo
f:Y — Zis continuous at g(xo): M € Nfgxo)) implies f"1(M) €Ngxo). In order to prove that
(f - g)(x) is continuous at Xo it must be shown that N € Ns -g)xo) implies g *(f 1(N)) €Nyo.
Let us now assume that N € N (g(x0)). Since f is continuous at g(xo), it follows that f"1(N)
ENgx0). Since g is continuous at xo we have g }(f'*(N)) € Nx0, as required. Hence, it is
proved. Wediscussconvergence in a topological space for which let us define what a net
is, and its relevant properties.

4 Theorem

Let(X, 7) be a topological space and S a subset of X. Theclosureof S is the setof all points

in X that are a limit of a net in S. This can be worded as: x €S if and only if x is the limit
of anetin S. This is a property of limits in metric spaces that carries over to topological
spaces.

Proof

Let us consider Ny as a directed set defined by M s Nwhen N cM for M, N €Ny for some
x. Assume that x €S, by definition (iii) we find that for all N €Ny, there exists an xn €N
NS. We thus find that the net (xn)nenx cOnverges to X, this is because all neighbourhoods
of x contain x. For the other direction let (X.)«ea be a net in S that converges to x. Let us
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assume by way of contradiction that x €/ S, so x €X \S. We know that S is closed, this
implies that X \S is open, which means that X \S is a neighbourhood of x. Since (X.)uea
converges to a point outside of S, there exists some an €A such that x, €X \S for all an<

a. We know hat x \ Scx \' S, so x, €X \S for all ans «. This is a contradiction since
(X«)aea 1S @ net in S. Hence, the theorem is proved.

5 Theorem

Let(X, 71) be a compact space, let(Y, z2) be a topological space and letf :X — Y be a
continuous function. Then f(X) is compact.

Proof

Let O be an open over for f(X). By using theorem (6) we know that {f"{(U) : U €0} is an
open cover for X. Since X is compact, there is a finite subcover. There exist Ui, Uy,
...Un€0 such that X cf1(U1) ufi(Uz) u... ufi(Us). It follows that f(X) cU; uU; u...
UUn. Thus, an arbitrary open cover of f(X) has a finite subcover. Hence, the theorem is
proof.

6 Theorem

Let(X, 7) be a compact topological space and let Y be a closed subset of X. Then Y is a
compact set.

Proof

Let O be an open cover for Y. Because Y is closed in X, X/Y is open in X. From this we get
that O UX/Y is an open cover for X. Since X is compact there must be a finite subcover.
So, there exist Ui, Uz, ...UneU such that X cU; uUz U... uUp, U (X/Y ). It follows that Y
cU; UU2 U... UUn. An arbitrary open cover of Y has a finite subcover, thus Y is compact.

7 Theorem

Let(X, 7) be a topological space. If K1, K2, ... Ky are a family of compact sets in(X, 7),
then UL,Kiis compact.

Proof

Let O be an open cover for UL,Ki. Since Kjis a subset of U/L,Kifor all i, then O is an open
cover for all Ki. Since each K;jis compact, there is a finite subcover of O for each i, we
denote each subcover by O;. It follows that U/L,;Qi coversU/L,;Ki. The finite union of a
collection of finite sets in finite and UL, Oi so we have our finite subcover. This
completes the proof.

8. References

1. N.J. Rothman, (1960) | Embedding of topological
semigroups, Math. Annal. 139

IJIRCT2504009 ‘ International Journal of Innovative Research and Creative Technology (www.ijirct.org)




Volume 11 Issue 2

@ 2025 IJIRCT | ISSN: 2454-5988

197-203.

2. Kelly, J.C., (1963) Bitopological spaces, Proc.
London Math. Soc., (3)13, 7-89.

3. Joachim Weinert | Semigroups of right quotients of

Hans, (1970) topological semigroups, Trans.
Am. Math. Soc. 147 333-348.

4. Zadeh, L. A. (1978) Fuzzy sets as a basis for a theory
of possibility. Fuzzy Sets and
Systems,1,3-28.

5. Dubois, D., &Prade, |Fuzzy real algebra: Some results.

H. (1979) Fuzzy Sets and Systems, 2, 327-
348.
6. A.V. Arhangel’ski1, | Topological invariants in algebraic
(2002) enviroment, Recent progress in
General Topology I, ed. by
Husek and van Mill, Elsevier,
1-58.
7. A.V. Arhangel’skii, | Topological Groups and Related
M. Tkachenko, Structures, Atlantis Press and
(2008) World Sci.,.

8. M. Tkachenko, (2015) | Axioms of separation in para-
topological groups and
reflection funtors Topology and
its applications 179, 200-214.

9. Boonpok, C., (2017) Generalized (A, b)-closed sets in
topological spaces, Korean J.
Math.,25, No. 3. Pp 437-453.

10. |F. Lin, A. Ravsky, J. | Countable tightness and G-bases

Zhang, (2020) on free topological groups,
RACSAM, 114: 67.
11. | F. Lin, Q. Sun, Y. Lin, | Some topological properties of
J. Li, (2021) topological rough groups, Soft
Comput., 25: 3441-3453.

IJIRCT2504009 ‘ International Journal of Innovative Research and Creative Technology (www.ijirct.org) “




