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Abstract

The aim of the present paper is to know the applications of Inner product spaces. We can
approximate a line or a polynomial for a set of points in the plane. The method of approximating a
line or a polynomial for a set of points in the plane s the method of least squares. An inner product of
two vectors in a vector space is a scalar which is the product of transpose of first vector and second
vector. The cosine angle between two vectors can be finding by using the inner product and the length
of vectors. We defined orthogonal vectors, orthonormal vectors, orthogonal basis and orthonormal
basis and Gram-Schmidt orthogonalization process.

By using the least squares method, we can find a line or polynomial for a given set of points in the
plane. By using the method of least squares we can approximate exponential, logarithmic and
trigonometric functions to a line or a polynomial.

Keywords: Inner product, Norm of a vector, angle between two vectors, orthogonal vectors,
orthonormal vectors, Schwarz’s inequality, Triangle inequality,Pythagoras theorem, Gram-Schmidt
orthogonalization process, the method of least squares.

INTRODUCTION
(1) Inner product of two vectors: Inner product of two vectors u andvof a vector space

is denoted by u. v anddefined asu™v:

r Ut V17 72
uz vz ’UZ
u3 ’US ’U3
ifu=| — jv=| — fthenu. v= uTvalug wp s — — — — | —
FUnd o E U | v,
O D R e + U, v,
1 2 7
Example:If u=| 4 |,v=|6| are vectors in R® then u. v=u'v=[1 4 — 6] 6|  =1.2+4.6+(-6).9 =2+24-54=-
—6 9 9

28
Hence the inner product of u, v=u. v=-28
(2) Inner Product Space

An inner product on a vector space V is a function f that, to each pair of vectors u and v in V, associates a
real number f(u.v) and satisfies the following axiomsfor all u, v, and w in V and all scalars ¢
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1. f (u.v) =f (v.u) 2. f(u+v, w)=f(u,w)+f(v,w) 3. f (cu,v) =c f(u,v) 4.f (u.u) =0 and u.u=o0 if and only if
u=0. A vector space with an inner product f is called an inner product space.

(3) Length of a Vector: The length of a vector u is denoted by u and defined as || u || =vu.u

1 1

Example: If u= —2] then || u || :\/[1 - 2 3] [ ] =/ (1% + (—=2)2 + (3)2=V1 + 4 + 9 =v/14. Hence || u
3 3

|= VT4

(4) Unit Vector: A vector u in R" is said to be a unit vector if length of uis 1i.e.||u || =1

As || —| =1,—— is unit vector in direction of u.

IIuII

]
I

7l

(5) Angle between two vectors

=l

|[
Ex:If u= |

thenu|saun|tvectorbecause||u||—\/( )2+( )2+(\/3)2 —\/§+§+§= =1

=l

Definition:If u,v are two vectors and 6is angle between u, v thencos 6-

[lu ||||VII

1
1 1 [1-3 Z]H
(1)+(=3)(6)+2(9) 1-18+18
Example: If u=|-3|,v=[6] then cos6= ol _ L -
P [ ‘ H ||[_13]||”[é]“ (VOZ+E307+@72) T+ +(0)2)  VIAVIis
2 9
S SN 0= 1
~ovas - OSY T oA

1 1
Hence the angle between two vectors u= [—3] ,v:[6] is 0 = cos™1(

1
5 9 2\/4—13)

(6) Orthogonal vectors

Definition: Orthogonal vectors two vectors u,v are said to be orthogonal vectors if angle between u, v is90°
i.e.cos 0=c0s90°=0.Hence two vectors u, v are said to be orthogonal vectors if cosf =
0, where 0 is the angle between the vectors u, v.

Example: If u= [ 4 ‘,v:[—sl then u. v=uTv =1(2) + 4(-5) + (—6)(—3)=2-20+18=0

Hence u. v=0. -.u, v are orthogonal vectors as u. v=0.
(7) Orthogonal set

Definition: A set {u1, uz.......... un} of vectors in R" is said to be orthogonal set if every two different vectors
of {uruz........ un} are orthogonal.
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Example: If S= {[-1[,[=1{,| 3[} R%hen S is an orthogonal set.
2 -1 0

1 1 17713 1 3
Because |—-1|,|—1|; [=1]|,| 3|; |—1|,| 3|are orthogonal vectors
21 1-1 _—11 Lol L2fl1o

1 1
: —1]2 [1-1 2][—1]21(1) +(-1) (-1) +2(-1) =1+1-2=0
-1 -1

as the inner product of 1)

2)
3) =[1-12]

-1
L 2
1 3 [ 3]
[ 1] =[1-1-1]| 3|=1(3) +(-1)3+(-1)0=3-3+0=0
1 L 0
3
3| =1(3) +(-1)3+2(0) =3-3+0=0
0.

_1 ot
_1 ,
211

(8) Orthonormal set

3
04
3
3
01

Definition: A set {u1, Uz .......... un} of is said vectors in R" orthonormal set if it is orthogonal set and every
vector of it is a unit vector.

ER BT
AN
Example:S={ —% , | L |}is an orthonormal set in R%as it is orthogonal set and every vector in it is unit
V2
1
) 0
— i - —i—
\/51 NG
vector. Because the vectors — 5 1 lare orthogonal and unit vectors.
V2
1
| 51 L0
=] £)
V2 V2
i L 11 -1(L — LS+ Lyo)=2 — Lio=
Because Inner product of = NalL % —[\/§ ﬁﬁ] \% ﬁ(ﬁ) + ( ﬁ)(ﬁ)+(\/§)(0) N \/g+0 0.
| = | Lo 0

wl"‘

il Lot (Lyzee [Piiilo Fogo
Asoll| | 1= [(2+ (— 2+ (Bp== [felel= Fovizn

1

wl"‘

I ; = \/<§2+(%)2+<0)2=\/§+§+0 =V1+0=v1
0

(9) Orthogonal basis

Definition: A set B = {o¢; &5, X3 , ¢, } of vectors in R"is said to be orthogonal basis if

.............
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,%,} is orthogonal set in R" 2) B = {o; ;&3 ,%,} IS a basis of

..........................

2 11 4
R".Example:The set S:{[ 1 ] H [-7]} is an orthogonal basis of R®.
—11 131t1

21111 114121714
Because | 1 |, |1];[1 ,[-7]; 1 ,I—7lare orthogonal vectors
—11 131 13 1 -1 1

2 Ir 4
and the vectors [ 1 ] H [_7lforms a basis for R3.(~
—71 131t 1

2 11 4
1 ] H [-7] are Linearly Independent vectors,
=11 131t 1

every vector of R® is a linear combination of vectors

L

[/ 311 0
Example:S={ 1] [ 5” ol}is an orthogonal set but not an orthogonal basis. Because S is not a linearly
(81 L—] 0

N

independent set so that S is not a basis.
(10) Parallelogram Law

Theorem: If u, v are two vectors then|[u + v|| 2+|[u — v|| 2=2(|[u]|| %+ (||v]| ?)

2 1 3 ]
_]]1V:[ 4 ].Here u+ V:[ 3],U-V:|:_5]
3 =3 -2 8

[u+v]|=/(3)? + 3)? + (=2)? =9+ 9+ 4 =V22.

Example: Consider the two vectors u =

[u-v||=/(D)? + (=5)% + (8)? =VT + 25 + 64 =V/90.Hence ||u + v|| *+||u — v|| % =112.

[Ju + v|| 2+[Ju — v|| ’=(V22)2+(V90)=22+90=112 .........ccveeerr... (1)

ull=y/(2)? + (=) + (3)? =V4+1+9 =VI4=|[u|| *=14.

IIVII=V (D)7 + (4 + (=5)7 =VT+16+25 =V42=]||v|| *=42.

Hence 2(|[u|| %+ (||v]| 3) = 2(14+42) =112............... 2)

= From equations (1), (2) we get [Ju + v|| Z+[Ju — v|| 2=2(||u]|| %+ (||v]] %)
(11) Schwarz’s Inequality

Theorem: Ifu, v are two vectors in R"then|u. v| < [|u]]||V]|

1 2 2
Example: Consider the two vectors u = [ 3 ],v: 6‘.Here u.v=u'v=[13 -2][ 6]
-2 5 b)

= 1(2) + 3(6)+(-2) (5) =10. ~u. v =10 =|u. v| = 10
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Nul|=y/(D?+ 3 + (=2 =VI+9+4 =14,
[IV]|=V/(2)? + (6)* + (5)? =V4+ 36 + 25 =V65
Hence ||u||||v||=VI4V65 =910

Hence [w.v|*<[[u][||[v]]*. =|u.vI<|[ul][]v]|

(12)Triangle Inequality
Theorem:If u, v are two vectors in R"then |[u+v|| < [|u]|+]|v]]

2 —4
Example: Consider the two vectors u = [ 3],v:[ 2
0 4

lu+v] =/ (=2)% + (5)? + (4)? =45, [Ju]|=/ (2)? + (3)? + (0)*=V13
VIl =/(=92 + (2)? + (4)? =V/36=6
As V45 <13 + 6,we get |[u+Vv|| < [[u]|+]|v]]

=2
. Here u+v=| 35,
4

(13) Pythagoras theorem

Theorem: If u, v are two vectors in an inner product space R" then u, v are orthogonal if and only if
2 2 2
[lu+ v[|= = [lu][*+]]v]]

-3 2
Example: Consider two orthogonal vectors u = [ 4],v:[ 3 [inR3,
1 -0

—1
Hereu +v=| 7|[Alsoif [|u+v||=y/(=1)? + (7)? + (=5)?=V1 + 49 + 25 =75

=5
A|lu+ v =75 [ul|=y (=3)? + (42 + (D?=V26 | [|v]|=y/ (2)? + (3)* + (—6)*=V49
Hence [[u]|*+[[v]|*=75. ~[[u + v||* = [[u||*+||v||?

(14) Orthogonal Projection

For a non-zero vector u in R" , we can write a vector y in W,where W is a subspace of R" as sum of two
vectors such that one is multiple of u and other is orthogonal to u i.e.y=¢ + z.Here we say y is decomposed
in to two vectors such that one is multiple of u and other is orthogonal to z.
Here § is multiple of u, z is orthogonal to u. We can find z by using z=y- §

Here ¥ is defined as orthogonal projection of y on to u, where § = (%) u

We can take § as §=k u where k is a scalar. y=¢ + z=z=y- §.

As z is orthogonal to u,z.u=0. z.u=0= (y- §). u =0=y. u- §. u=0=y.u=y. u=y. u=(k u). u

_ _yu N d
=Y. U=k (u. u) = k== But§=k u. -y = (7> ) u

u .

Note: . (y-¥) =¥. (2)= (k u). z=k (u. z) =k (0) =0. Hence ¥, y-¥ are orthogonal vectors.
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1] 2
Example: Consider the vector u:[ 3] in R3. Let us find the orthogonal projection of y:[ 1] on to u.
4] 1
[ 2] 1 [ ]
y=| 1 ,u:[ 3]=>y. u=yTu=1[211] 3] =2(1) +1(3) +1(4) =2+3+4=9. ~y.u=9
i 4 | 4
[ /] 1
u=| 3|=u.u=uTu=[13 4][ 3] =1(1) +3(3) +4(4) =1+9+16=26. ~u.u=26
| 4] 4
2 2
26 26
A _ (YU A9 _ 2_7 A 2_7 . . .
= (u’—u) u=>y-2—6[ 3] =15 P¥5] 1 orthogonal projection of y on u.
36 36
26 6
# #
6] 26
=7= —I” I=>z | =2 |We observe that u.z=uT z=[1 3 4] | = | =1E)+3(E)+4() =
z=y- y 26 26 26 26
e B
26 26
9 43
2wl [#]
%:O.Hence u. z=0=u,z are orthogonal to each other and y:[ ]]: j—; + ;—; :
1 _

Hence y is written as sum of two vectors §, z where z is orthogonal to u.

2 #
26 26
a 270 o | -
Here observe that y= Y- ¥ =55 [are orthogonal.
i il
26 26

(15) The Orthogonal Decomposition Theorem

Theorem: Let W be a subspace of R". Then each y in R" can be written uniquely in the form

y=9 + zwhere § isin W and z is in W<, In fact, if {ui, uz.......... un} is any orthogonal basis of W
A YU yuz yus y

then y_(u1,u1)u1+ (uz,uz)u2+ (@)‘“3"‘ .................. +

and z=y- §.( W-<contains the vectors

which are orthogonal to every vector of W).Here ¥ is defined as orthogonal proj

(16) Orthonormal column of a matrix:For an m X n matrix, if a column of the matrix is
orthonormalvector, then we say the column of the matrix as orthonormal column.

Theorem: An m xn matrix U has orthonormal columns if and only if UTU= 1.

Theorem: Let U be an mxn matrix with orthonormal columns, and let x and y be in R" . Then
a) |Ux||=[IxI|b) (U x). (Uy) =x.y ¢) (Ux). (Uy)=0ifand only if x. y=0

Note:An orthogonal matrix is a square invertible matrix U such that U1=U"
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(17) The Orthogonal Decomposition Theorem

Theorem: Let W be a subspace of R". Then each y in R" can be written uniquely in the form
y=¢ +zwhere yisin W and z is in W-. In fact, if {u,u>... . Un} is any orthogonal basis of W

then 9=( 51'7;’1)11 1+ ( 3;;22 Yuyr+ ( L2”;33)u3+ .................. +( :’;;”n)un and z=y- ¥.( W-contains the vectors which

are orthogonal to every vector of W).Here ¥ is defined as orthogonal projection of y on to W.
(18) The Best Approximation Theorem

Theorem: Let W be a subspace of R", let y be any vector in R", and let § be the orthogonal projection of y
onto W.Then ¥ is the closest point in W to y, in the sense that ||y — y]|<
|ly — v||for all v in W distinct from §.

Theorem: If {u, uz.......... un} is an orthonormal basis for a subspace W of R", then projection of y on to W
= (Y.uq) uq +(yuy) upt(y.us) uzt.......... +y.u,) uy If U= {ur, uz ........ un} then projection of y on to
W=U U Ty forallyinR"

(19) Gram — Schmidt orthogonalization process

This Process is used to construct orthogonal basis from a given basis of a subspace of a vector
space.

Theorem: Given a basisB= {u; u, u3 ........u,}for a non-zero subspace W of R".
Define,vi = u1
— Uz.v1
Vz—uZ'(vl_vl)
uz vy Uusz v
V3=u3'(vl_vl)v1'(vz_vz)vz
Un. V1 Un. V2 UpnVn-1
vnzun-(v’l‘_vl)vl-(v:vz)vz- ....... -(v’z‘_v:_l)vn_l
then B1= {V1,v3, V3,eceeueenn. , U, } is an orthogonal basis of R".

(20) Orthonormal basis

.............

..........................

1

V2| [0
Example: IfB={| 0 |, 0‘ }then u is an orthonormal basis of R?, because
il

V2

1)B is basis of R", 2)Bis an orthonormal set.
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1

vzl [0
(~+ The Vectors | 0 ,Hare orthogonal and unit vectors)
il
V2
L L
vzl [0 vzl [0
(- The Vectors| 0 | ,|0]are Linearly independent vectors and | 0 | ,|0| spans R?)
“1 L “If L1
V2 V2

(21) The QR Factorization Theorem

Theorem: If A isan m X n matrix with linearly independent columns, then A can be factored as A=QR,
where Q is an m x n matrix whose columns form an orthonormal basis for Col A and R is an n x n upper
triangular invertible matrix with positive entries on its diagonal.

Here we find the matrix Q by using Gram — Schmidt orthogonalization process and normalize the columns
of Q. As the columns of the matrix are orthonormal, Q'Q=I. A=QR=QA=R
Hence, we can find R by using R= Q"2A.

MAIN RESULT
(22) Least Square Lines.

In this section we find solution x of the equation Ax=B,where A is an mx n matrix, x is
n X I matrix and B is mX [ matrix.
The general least-squares problem is to find an x that makes ||B — A X || as small as
possible.

Theorem: The set of least-squares solutions of Ax= B coincides with the nonempty set of
solutions of the normal equations ATAX=ATb.

Theorem: Let A be an m x n matrix. The following statements are logically equivalent
a) The equation Ax = B has a unique least-squares solution for each b in R™.
b) The columns of A are linearly independent.
c) The matrix A ' A is invertible. When these statements are true, the least-squares solution £
is given by X=(ATA)1 AT. B

Theorem: Given an m x n matrix A with linearly independent columns, let A= QR be a QR factorization of
A. Then, for each B in R™, the equation Ax =B has a unique least-squares solution, given by X=R™* QT B.

(23) APPLICATIONS TO LINEAR MODELS

A common task in science and engineering is to analyze and understand relationships among several
quantities that vary. This section describes a variety of situations in which data are used to build or verify a
formula that predicts the value of one variable as a function of other variables. In each case, the problem
will amount to solving a least squares problem.
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For easy application of the discussion to real problems that you may encounter later in your career, we
choose notation that is commonly used in the statistical analysis of scientific and engineering data. Instead
of Ax=B, we write X p=y and refer to X as the design matrix, pas the parameter vector, and y as the
observation vector.

The simplest relation between two variables x and y is the linear equation y=Bo+B1xExperimental data often
produce points (X1,y1),(X2, y2), (X3, ¥3) «........ (Xn, yn) that, when graphed seem to lie close to a line. We
want to determine the parameters o and 1 that make the line as “close” to the points as possible. The least-
squares line is the line y= Bo+ B1 x that minimizes the sum of the squares of the residuals. This line is also
called a line of regression of y on x, because any errors in the data are assumed to be only in the y-
coordinates. The coefficientsBo,f1 of the line are called (linear) regression coefficients. If the data points
were on the line, the parameters o 31and would satisfy the following equations.

Predicted y-value observed y-value
Bo+P1 X1 =y1
Bo+P1 X2 =Y
Bo+P1 X3 =y3
Bo+P1 Xn =V¥n
1 ox; Vi
1 X5 V2
1 X3 B Y3
we can write this system equations as X B=Y, where X= _1 xi ,leﬁol,vz :
1
1 Xp Yn

By least square method we can fit the line to the given data points

Example: Let us find the equation y=po+f1xof the least squares line that best fits the data points (2,1), (5,2),
(7,3) and (8,3)

Let y= y=BotP1x be the least squares line that best fits the data points (2,1), (5,2), (7,3)
and (8,3).

For least squares line,we find the solution B of x B=y. The normal equation is x" x p=x"y

1 2 1

117 5 |12

Here x= ;7 y= 3
1 8 5

The normal equation isx" x p=x"y
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o5

T~~~
Co NN Wy

(4 ol
[5;;;1H Speirve(h, ZH
B _
(242 142 Ol [57] [BOl 22 12422) 57 5681484 ]42 22) [57]
[278—1254 l Fj‘ H IBO H
198 + 22817 s4 30 30 2
84 14
Hence B,= >

5
Hence the least square line best fits the data points (2,1), (5,2), (7,3) and (8,3)

4;|“"\"‘\>

B1 14

IS y=§ + I%x.
The General Linear Model

In some applications, it is necessary to fit data points with a curve other than a straight line. In the examples
that follow, the matrix equation is still X B=y, but the specific form of Xchanges from one problem to the
next. Statisticians usually introduce a residual vector g,defined by e=y-Xp and write y= Xp+¢.Any equation
of this form is referred to as a linear model. Once X and y are determined, the goal is to minimize the length
of &, which amounts to finding a least-squares solution of Xp =y in each case, the least-squares solution B is
a solution of the normal equations XT Xp=XTy.

Least-Squares Fitting of Other Curves

When data points (X1, Y1), (X2, ¥2), (X3, ¥3) -........ (xn, Yn) ON a scatter plot do not lie close to any line, it may
be appropriate to postulate some other functional relationship between x and y. The next two examples show
how to fit data by curves that have the general form y=p f,(x) + B,f;(x) + B,f2(x) + -+ + B, fn (x),where

for f1.1fo een oo fnare known functions and B, 3,8, B, are parameters that must be determined. As we will

.........

see, equation y=,fy(x) + B, f;(x) + B,f>(x) + --- + B, fn(x),describes a linear model because it is linear in

the unknown parameters. For a particular value of X, it gives a predicted, or “fitted,” value of y. The
difference between the observed value and the predicted value is the residual. The parameters must be
determined so as to minimize the sum of the squares of the residuals.

Example: Let the given data points (X1, y1), (X2, ¥2), (X3, Y3) ......... (xn, Yn) lie on a parabola other than a
straight line. Let the x-coordinate denotes the production level for a company denotes the average cost per
unit of operating at a level of x units per day.Then a typical average cost curve looks like a parabola that
opens upward.

Let us approximate the data by an equation of the form y=,+ [:‘slx+[32x2 + ¢;,where ¢; is the residual
vector which is the difference between observed value and predicted value.

Asy=B,+ B1x+[32x2 + ¢, passes through the points (X1, y1), (X2, Y2), (X3, y3) ... (xn, yn),we have y,_B, +

B,xB,x,7 + g
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y2=B,+ B1x2+[32x22 te;
y3=B,+ le3+[32x32 +&;

Yn=B() + B]xn-}'Bzan t ey

We can write the system of equations in the form Y=Xp+ ¢

e [ 1x; x° ] €
¥, I1x, x° €
V3 I x; x5° By 8_3
HereY=| — |, X=| = = = |B=[B,|.e| —
- N I 5 B
|y, I Xn X’ S_n

By using normal equations, minimizing € we solve the system of equations.

In order to approximate the given points (X1, y1), (X2, ¥2), (X3, Y3) ......... (xn, Yn) to a cubic equation of the
formy=p, + B1x+[32x2 + B3x3 + ¢;,where g, is the residual vector which is the difference between observed
value and predicted value, we follow the above procedure.

(24) Some more Applications of Inner Product.

1)Wecan approximate a line or second degree or .... or an nth degree polynomial of exponential, logarithms
and trigonometric functions by using the least square method.

2) We can approximate a Fourier function to a continuous function on a closed interval spanned by a non-
empty set with respect to a vector spaceby using the least square method.
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